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Abstract. Let A be the Neron model of an abelian variety Ak over the fraction field A" of a discrete 
valuation ring R. Due to work of Mazur-Messing, there is a functorial way to prolong the universal 
extension of Ak by a vector group to a smooth and separated group scheme over R, called the canonical 
extension of A. In this paper, we study the canonical extension when Ak = Jk is the Jacobian of a 
smooth proper and geometrically connected curve Xk over K. Assuming that Xk admits a proper 
flat regular model X over R that has generically smooth closed fiber, our main result identifies the 
identity component of the canonical extension with a certain functor Pic^^^^ classifying line bundles 
on X that have partial degree zero on all components of geometric fibers and are equipped with a 
regular connection. This result is a natural extension of a theorem of Raynaud, which identifies the 
identity component of the Neron model J of Jk with the functor Pic^y^. As an application of our 
result, we prove a comparison isomorphism between two canonical integral structures on the de Rham 
cohomology of Xk- 



1. Introduction 

Fix a discrete valuation ring R with field of fractions K and residue field k. Let Ap^ be an abelian 
variety over K and consider the universal extension E{Ak) of the dual abelian variety Ak- This 
commutative algebraic i^-group is an extension of Ak by the vector group of invariant differentials 
on Ak 

(1.1) ^^Ak ^E{Ak) ^Ak -0 

and is universal among extensions of Ak by a vector group: for any vector group V over K, the natural 
homomorphism Hom(u;A^,l^) — > Ext(A;f,y) arising by pushout from (1.1) is an isomorphism. The 
theory of the universal extension was initiated by Rosenlicht [41], who defined the notion and showed 
its existence for abelian varieties, and subsequently taken up by Tate [43], Murre [v!?], Grothendieck 
[21], Messing [32], and Mazur-Messing [2!)]. It plays a central role in the definition of the Mazur- 
Tate p-adic height pairing [30], [11], in Deligne's definition of the duality on the de Rham cohomology 
ol Ak [15, §10.2.7.3] (see also the articles of Coleman [11], [12]), and in certain proofs of the comparison 
isomorphism between the p-adic etale and de Rham cohomologies of Ak [17], [9, Note added in proof], 

[44]- 

As is well-known, the Neron model A of Ak over R provides a functorial extension of Ak to a smooth 
commutative group scheme over R, and it is natural to ask if (1.1) can be functorially extended to a 
short exact sequence of smooth commutative i?-groups as well. Such an extension is provided by the 

Date: September 9, 2009. 

2000 Mathematics Subject Classification. Primary: 14L15; Secondary: 14H40, 14K30, 11G20, 14F40, 14F30. 
Key words and phrases. Canonical extensions, Neron models, Jacobians, relative Picard functor, group schemes, 
Grothendieck's pairing, Grothendieck duality. 

This work was partially supported by the NSF grant DMS-0502170 and by a Rackham Predoctoral Fellowship. 

1 



2 



BRYDEN CAIS 



"canonical extension" <S'{A) of A, introduced by Mazur and Messing in [ , I, §5]. When Ak has good 
reduction, (^{A) coincides with the universal extension of (the abelian scheme) A by a vector group, 
but in general, as an example of Breen and Raynaud shows (c/. Remarks 2.5), Neron models need 
not have universal extensions, and ^{A) seems to be the best substitute in such cases. Although they 
seem to be of fundamental importance, canonical extensions of Neron models have been little studied, 
and as far as we know, do not appear anywhere in the literature beyond their introduction in [29] and 
in [18, §15]. 

In this paper, we study the canonical extension S'{A) when Ak = Jk is the the Jacobian of a 
smooth proper and geometrically connected curve over K. In this situation, a famous theorem 
of Raynaud (see [7, §9.7, Theorem 1]) relates the identity component of J to the relative Picard 
functor of any proper flat and normal model X of Xk that is "sufficiently nice" : 

Theorem 1.1 (Raynaud). Let S = Speci? and fix a proper flat and normal model X of Xk over 
S. Denote byXi,...,Xn the {reduced) irreducible components of the closed fiber X^. Suppose that 
the greatest common divisor of the geometric multiplicities of the Xi in X^ is equal to 1, and assume 
either that k is perfect or that X admits an etale quasi- section. Then Pic^^^^ is a smooth and separated 
S -group scheme and Jk admits a Neron model J of finite type. Moreover, the canonical morphism 

(1.2) Pic^/5 .jD 

arising via the Neron mapping property from the canonical principal polarization of Jx is an isomor- 
phism if and only if X has rational singularities.^ 

Our main result enhances Raynaud's theorem by providing a similar description of the identity 
component S'{ J)^ of the canonical extension S'{ J) of J: 

Theorem 1.2. Let X be a proper flat and normal model of Xk over S = Speci?. Suppose that the 
closed fiber of X is geometrically reduced and that either X is regular or that k is perfect. Then there 
is a canonical homomorphism of short exact sequences of smooth group schemes over S 

(1.3) ^^J ^<r(J)0 ^JO ^0 



f*i^x/s Pi4% Pi4/5 

which is an isomorphism of exact sequences if and only if X has rational singularities. 

Here, ujx/s is the relative dualizing sheaf of X over S; it is a coherent sheaf of ^x-modules that is 
flat over S and coincides with the sheaf of relative differentials over the smooth locus of / in X. We 
write f*0Jx/s for the vector group attached to this locally free ^5-module, and Pic^*^^ is the fppf sheaf 
associated to the functor on S-schemes that assigns to each S-scheme ip : T ^ S the set of isomorphism 
classes of pairs (^, V), where ^ is a line bundle on Xx whose restriction to all components of each 
geometric fiber of Xt has degree zero and V : ^ ^ (p*ujx/s is a- regular connection on ^ over 
T (Definition 3.5). We will show in Theorem 3.9 that under the hypotheses of Raynaud's Theorem, 



Recall that X is said to have rational singularities if it admits a resolution of singularities p : X' X with 
R^p,ffx' ~ 0. Trivially, any regular X has rational singularities. 
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x/s indeed a smooth and separated S-scheme, and that there is a short exact sequence of smooth 
groups over 5 as in the lower row of (1.3). 

We note that when f : X ^ S \s smooth, our notion of regular connection coincides with the 
familiar notion of connection, and we recover from Theorem 1.2 the "well-known" description of the 
universal extension of a Jacobian of a smooth and proper curve as the representing object of the 
functor classifying degree zero line bundles on the curve that are equipped with connection.'^ Let us 
also point out that the hypotheses of Theorem 1.2 include not only all regular curves over K with 
semistable reduction but many regular curves which are quite far'^ from having semistable reduction, 
such as the modular curves X{N) and Xi{N) over K := Qp(CAf) for arbitrary N (see Theorems 13.7.6 
and 13.11.4 of [21], which describe proper flat and regular models of X{N) and Xi{N), respectively, 
over R = Zp[^Ar] that have generically smooth — even geometrically reduced — closed fibers). 

It is well-known that the exact sequence of Lie algebras arising from (1.1) is naturally isomorphic 
to the 3-term Hodge filtration exact sequence of the first de Rham cohomology of Ak (Proposition 
5.1). Thus, the Lie algebra of the smooth i?-group ^{A) provides a canonical i?-lattice in the ii'- vector 
space H^^[Ax / K) which is functorial in JC-morphisms of A^ (due to the Neron mapping property 
of A and the functorial dependence of i§'{A) on A). When A is an abelian scheme and the maximal 
ideal of R has divided powers, Mazur-Messing proved [ ,11 §15] Grothendieck's conjecture [1 , V §5] 
that this ii-lattice is naturally isomorphic to the Dieudonne module of the associated Barsotti-Tate 
group ^fc]p°°]. Thus, Lie((f(A)) provides a natural generalization of the Dieudonne module when A 
is not an abelian scheme. In [n], for a proper flat and normal i?-curve X, we studied a canonical 
integral structure H^{X/R) on HI^{Xk/K) ( i.e. an i?-lattice that is functorial in i^-morphisms of 
Xx) defined in terms of relative dualizing sheaves. It is natural to ask how H^{X/R) compares with 
the lattice Lie((f(J)) under the canonical identification H\^{Xk/K) ~ H\-^{Jk/K). We will prove 
in Corollary 5.6 that these two lattices coincide when X verifies the hypotheses of Theorem 1.2. 

We briefly explain the main ideas that underlie the proof of Theorem 1.2. Our first task is to 
reinterpret £'{ J)^ as the representing object of the functor S'xtrigg{J, Gm) on smooth S-schemes, a la 
Mazur-Messing [29]. To do this, we must first show that the functor (oxtsiJ, Gm) is represented by 
on smooth S'-schemes, and by [5, Proposition 5.1] this holds if and only if Grothendieck's pairing on 
component groups is perfect. It follows from results of Bosch and Lorenzini [6, Corollary 4.7] (see also 
Proposition 2.8) that the hypotheses of Theorem 1.2 imply the perfectness of Grothendieck's pairing. 
However, we note that Grothendieck's pairing is not generally perfect (see Remark 2.9). 

In §3, we construct the exact sequence of smooth S-group schemes occurring in the bottom row 
of (1.3). This is accomplished by Theorem 3.9, whose proof employs Cech-theoretical techniques to 
interpret the hypercohomology of the two-term complex dlog : ^ ^^x/s terms of line bundles 
with regular connection, and makes essential use of the good cohomological properties of the relative 
dualizing sheaf and of Grothendieck duality. A key insight here is that the traditional notion of a 
connection on a line bundle on a scheme X over a base S is not well-behaved when X is not S-smooth 
and must be suitably modified as in Definition 3.5. With these preliminaries in place, we turn to the 
proof of Theorem 1.2 in §4. We must first construct a morphism of short exact sequences of smooth 
group schemes (1.3). Our strategy for doing this is as follows. Passing to an unramified extension of 
K if need be, we suppose that Xk has a rational point and use it to define an albanese morphism 



Certainly this result appears in the literature (see, for example [iO, §2]), however, we have been unable to find any 
proof of it. See, however ['2'.), I §4], which proves a result in a similar spirit. 

In the sense that they achieve semistable reduction only after a large and wildly ramified extension of K. 
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Jk '■ Jk- The Neron mapping property of J allows us to extend jx to a morphism j : J 

on the smooth locus of / in X. By (functorially) pulling back rigidified extensions of J by Gm along 
j, we get line bundles on X^'^ with connection. Via a careful analysis of the relative dualizing sheaf, 
we show in Lemma 4.1 that a line bundle with connection on X^™ is equivalent to a line bundle with 
regular connection on X; this critically uses our hypothesis that the closed fiber of X is geometrically 
reduced (equivalently, that is fiber-wise dense in X). From this, we deduce the desired map (1.3). 
To complete the proof of Theorem 1.2, we then "bootstrap" Raynaud's theorem 1.1 using duality. 
Here, it is essential to know that the canonical evaluation duality between the Lie algebra of J and 
the sheaf of invariant differentials on J is compatible via j with the (Grothendieck) duality of f*iOx/s 
and R^f^^x- Such compatibility may be checked on generic fibers, where it is well-known (e.g. [12, 
Theorem 5.1]). 

We remark that when k is perfect, both the short exact sequences of group schemes in the rows 
of (1.3) exist under the less restrictive hypotheses of Theorem 1.1; this follows immediately from 
Propositions 2.6 and 2.8 for the top row of (1.3), and from Theorem 3.9 for the bottom row. It is 
natural to ask if Theorem 1.2 holds in this generality as well. We do not know the answer to this 
question, as our construction of the map of short exact sequences of smooth groups in (1.3) seems 
to require the closed fiber of X to be generically smooth. Indeed, our construction of (1.3) relies on 
extending an albanese morphism Xk — > Jk to some open subscheme U X with the property that 
line bundles with connection on U uniquely extend to line bundles with regular connection on X. On 
the one hand, this extension property seems to require U to be fiber-wise dense in X (see Lemma 
4.1 and Remark 4.2), while on the other hand one only expects to be able to extend the morphism 
Xk Jk to U = X^"^. Thus, we are forced to require that U = be fiber- wise dense in X, 
i.e. that Xf^ be generically smooth (equivalently geometrically reduced). We note, however, that it 
is just our construction of the map (1.3) that requires X to have generically smooth closed fiber; the 
proof that this map is an isomorphism of exact sequences of group schemes relies only on the weaker 
hypotheses of Raynaud's Theorem 1.1. 

It is a pleasure to thank Dino Lorenzini, Barry Mazur, and Bill Messing for several helpful exchanges 
and conversations. Many thanks to Cedric Pepin, both for pointing out the argument of Proposition 
2.8 to me, and for providing me with a copy of [ ]. I would especially like to thank Brian Conrad for 
advising my Ph.D. thesis (which was the genesis of this article) and for many clarifications. I am very 
grateful to the referee for making several corrections and for suggesting a number of improvements. 

Conventions and Notation: 

Fix a base scheme S. If Y is any S-scheme and 5" — > S is any morphism, we will often write 
Ys' := Y X s S' for the base change. When S' = Spec(F) is the spectrum of a field, we will sometimes 
abuse notation and write Yp in place of Ys'. We will work with the fppf topology on the categories 
of S'-schemes and of smooth S'-schemes (see [42, Exp. IV, §6.3] or [7, §8.1]); if ^ is any representable 
functor on one of these categories, we will also write ^ for the representing object. By an S-group 
scheme G we will always mean a finitely presented flat and separated commutative group scheme 
over S. As usual, we write and for the additive and multiplicative group schemes over S. A 
vector group on S is any S-group that is Zariski-locally isomorphic to a product of Ga's. Associated 
to any quasi- coherent i^^-module ^ is a sheaf for the fppf topology on 5-schemes f : T ^ S given 
by ^(T) := T(T, ip*^). When ^ is locally free of finite rank, this fppf sheaf is represented by the 
vector group Spec (Sym^g(^*)) where ^* is the ^5-linear dual of ^; we will frequently abuse 
notation and write ^ for both the locally free 1^5-module and the associated vector group on S. 
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For any S'-group G with identity section e : 5 — > G, we put ujg '■= ^*^g/s- usual, for any S- 
scheme T we put T[e] := T xz Spec(Z[e]/e^), considered as a T-scheme via the first projection, and 
for any fppf sheaf G we write J^ie{G) for the fppf sheaf of ^5-modules defined (as in [27, §1]) by 
^ie{G){T) := ker(G(T[e]) — > G{T)). When G is a smooth group, this agrees with the traditional 
notion of relative Lie algebra (as a sheaf of ^s'-modules). We set Lie(G) := ^ie{G){S). 
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2. Canonical Extensions of Neron models 

In this section, following [_..], we recall the construction and basic properties of the the canonical 
extension of a Neron model, and we explain how to interpret its identity component via rigidified 
extensions. 

Let S be any base scheme, and fix commutative S'-group schemes F and G. A rigidified extension 
of -F by G over S is a pair {E, a) consisting of an extension E (of fppf sheaves of abelian groups over 
S) of F by G 

(2.1) ^G '-^E ^F ^0 

and a section a of S-pointed S-schemes along the first infinitesimal neighborhood of the identity of F 

(2.2) Inf^(i^) — ^ E 

that projects to the canonical closed immersion Infg(i^) F. Two rigidified extensions {E,a) and 
{E\a') of -F by G are called equivalent if there is a homomorphism (necessarily an isomorphism) 
(p : E ^ E' that carries a to a' and makes the diagram 

(2.3) ^G '-^E ^F *-0 

^ G E' ^ F ^ 

commute. 

We denote by Extrig5.(F, G) the set of equivalence classes of rigidified extensions of F" by G over 
S. This set is equipped with a natural group structure via Baer sum of rigidified extensions (see 
[29, I §2.1]) which makes the functor on S-schemes T Extrig^^ (FV, Gt) a group functor that is 
contravariant in the first variable via puUback (fibered product) and covariant in the second variable 
via pushout (fibered co-product). We will write Sxtrig g{F,G) for the fppf sheaf of abelian groups 
associated to this functor. 
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We will exclusively be concerned with the special case that G = Gm is the multiplicative group 
over S. Note that (by fppf descent) any extension of F by Gm is automatically representable as Gm 
is affine (c/. the proof of [-38, III, Proposition 17.4]). In this context, there is an alternate and more 
concrete functorial description of the group Extrig_5(F, G^) that we will need for later use. Fix a 
choice of generator r for the free rank-one Z-module of invariant differentials l^g^ of Gm over Z. 
Note that r is canonically determined up to multiplication by ±1. For any scheme S, we will denote 
the pullback of r to a generator of simply by r. Write Et-(F)(5) for the set of equivalence classes 
of pairs {E, rf) consisting of an extension of F by Gm over S and a global invariant differential 
?7 G T{S,u)e) which pulls back via the given morphism i : Gm E (realizing E as an extension of F 
by Gm) to T on Gm- Two pairs {E, rj) and (£", rj') are declared to be equivalent if there is a morphism 
ip : E ^ E' inducing a diagram as in (2.3) and having the property that (p*ri' = r]. We make Et-(F)(S') 
into an abelian group as follows. Let {E,rj) and {E',r]') be two pairs as above, and denote by E" the 
Baer sum of E and E' . Writing pr,pr' for the projections from E xp E' to E and E' , and denoting 
hy q : E Xp E' ^ E" the quotient map, we claim that there is a unique invariant differential rj" on 
E" satisfying 

q 7] = pr ry + pr r/ . 

Indeed, by definition, E" is the cokernel of the skew-diagonal (t, —l') : Gm E xp E' under which 
pr* T] + pr'*?]' pulls back to zero. Thus, via the short exact sequence 

^ ^E" ^ ^Ex fE' iOG,n ^ 

(which is left exact since ExpE' — > E" is smooth due to [42, Exp. VIb, Proposition 9.2 vii]) we obtain 
a unique invariant differential rj" on E" as claimed. One easily checks that under the map Gm — *■ E" 
induced by either one of the inclusions (t, 0), (0,l') : Gm ^ E Xp E' (whose composites with q both 
coincide with the inclusion Gm E" realizing E" as an extension of F by Gm) the differential ry" 
pulls back to r. We define the sum of the classes represented by {E,r]) and (E',r]') to be the class 
represented by (E",rj"). It is straightforward to verify that this definition does not depend on the 
choice of representatives, and makes Et-(F)(5) into an abelian group. This construction is obviously 
contravariantly functorial in S via pullback of extensions and of invariant differentials. 

Lemma 2.1. For any choice of basis r of ujg,„, there is a functorial isomorphism of abelian groups 

Extrigs(F,Gm) ^^E,(F)(5) . 

Proof. Associated to the extension (2.1) with G = Gm is the short exact sequence of Lie algebras 

(2.4) ^ifie(Gm) ^ifie(^) ^ifie(F) ^0 

(note that the map ^ie[E) ^ie{F) is surjective by [27, Proposition 1.1 (c)], as ^ F is 
smooth). We claim that the data of a rigidification on (2.1) is equivalent to a choice of a splitting of 
(2.4). Indeed, any map a : lnf^{F) — > E necessarily factors through lnfg{E), so using the natural 
isomorphism Inf^(i?) ~ Spec(^5[wj^]) for any smooth group scheme H over S (with u>h the ^g- 
module of invariant differentials) we obtain a bijection between rigidifications of (2.1) and sections 
Up Up to the pullback map cop ujp. By the usual duality of the ^g-modules ^ie{H) and loh 
[42, Exp. II §4.11], this is equivalent to a section s as claimed. 

Using T to identify the free rank one ^^-module ^ie{Gm) with 1^5 and thinking of a splitting of (2.4) 
as a map .^ie{E) — > ie(Gm) restricting to the identity on ie(Gm), we see that any such splitting is 
by duality equivalent to a global section rj S T[S,uje) pulling back to r in T{S,ujGm)- One checks that 
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the equivalence {E, a) {E, tj) induces an isomorphism of abelian groups Extrig5(F, Gm) '^t[F)[S) 
that is functorial in 5, as claimed. I 

The following key result shows that the functor Sxtrig allows one to realize the universal extension 
of an abelian scheme: 

Proposition 2.2 (Mazur- Messing). Let A be an abelian scheme over an arbitrary base scheme S and 
denote by A the dual abelian scheme. Then the fppf sheaf S'xtrigg{A,Gm) is a smooth and separated 
S-group scheme. It sits in a natural short exact sequence of smooth S-group schemes 

(2.5) ^^^A ^ £'xtrigs(A,Gjn) ^A ^0. 

Moreover, (2.5) is the universal extension of A by a vector group. 

Proof. See [2')], especially I §2.6 and I Proposition 2.6.7. I 

We now specialize to the case that S = Spec R is the spectrum of a discrete valuation ring R with 
field of fractions K. Fix an abelian variety Ak over K and denote by A the Neron model of Ak over 
S and by A^ the relative identity component of A. Let A be the Neron model of the dual abelian 
variety Ak. In [2'', I, 5.2], Mazur and Messing prove the following analogue of Proposition 2.2: 

Proposition 2.3. As a functor on smooth S -schemes, the fppf abelian sheaf S'xtrigg{A^,Gm) is 
represented by a smooth and separated S-group scheme. Moreover, there is a natural short exact 
sequence of smooth groups over S 

(2.6) -WA ^<^xtrigs{A^,Gm) ^A -0. 

Definition 2.4 (Mazur-Messing). The canonical extension of A is the smooth and separated S'-group 
scheme 

<^{A) :=<^xtrigs{A'^,Gm). 

Remarks 2.5. When A is an abelian scheme, the canonical extension (o'{A) coincides with the universal 
extension of ^ by a vector group by Proposition 2.2. When A is not an abelian scheme, an example 
of Breen and Raynaud [29, I, 5.6] shows that A need not have a universal extension. 

Note, however, that since the functor S'xtrigg{A^, Gm) commutes with fppf base change, the smooth 
group scheme S'xtrigg{A^,Gm) representing it on the category of smooth group schemes over S is of 
formation compatible with base change to a smooth S-scheme. In particular, the X-fiber of the 
canonical extension exact sequence (2.6) is the universal extension of A^ by a vector group, thanks 
to Proposition 2.2. 

In this paper, we will need to work with £'xtrigg{A, Gm) instead of £'xtrigg{A^, Gm), as the former 
has better functorial properties due to the Neron mapping property of A (which is not enjoyed by 
^4*^). Following the method of Mazur-Messing [2';, I, 5.2], we wish to show that S'xtrigg(A,Gm) is 
represent able, at least as a functor on smooth test objects. This is somewhat more subtle than the 
corresponding problem for S'xtrigg(A^,Gm)] in particular, denoting by and $^ the component 

groups of A and A, we will need to know that Grothendieck's pairing for Ak (see [20, Exp. VII-IX] 
or [5, §4]) 

(2.7) ^AX$^ ^Q/Z 



is right non-degenerate. 
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Proposition 2.6. Suppose that Grothendieck's pairing on component groups is right non-degenerate. 
Then the fppf abelian sheaf S'xtrigg{A,Gm) on the category of smooth S -schemes is represented by a 
smooth and separated S- group scheme. Moreover, there is a natural short exact sequence of smooth 
group schemes over S 

(2.8) ^^A ^^xtrigs{A,G„,) ^ ^q. 

Proof. We follow the proof of [ ,1, 5.2]. Let T be any smooth S-scheme and consider the natural 
map of abelian groups 

(2.9) Extrigr(^, G„) ^ ExtriA, Gm) ■ 

By Lemma 2.1, we see that when T is affine any extension E of At by Gm admits a rigidification so 
(2.9) is surjective. By definition, the kernel of (2.9) consists of rigidifications on the trivial extension 
of At by Gm, up to isomorphism. To give a rigidification Inf^(^j') At xt Gm of the trivial 
extension is obviously equivalent to giving a map of T-pointed T-schemes Inf^(^7^) — > Gm, which in 
turn is equivalent to giving a global section of ujat (cf- [-''■h ^, 1-2] or the proof of Lemma 2.1). If two 
sections r]i and r]2 of loat isomorphic rigidified extensions of the trivial extension, then there is an 
automorphism of the trivial extension, necessarily induced by a group map ip : At Gm, with the 
property that rji and r]2 differ by d(p S T{T,ujat) (with d : Ilom.T{AT,Gm) — > Hom(Inf^(AT), Gm) 
the natural map induced by the canonical closed immersion Inf^(Ar) — > At). Since A is flat with 
proper generic fiber and T is 5-smooth, we have HomT(^T) Gm) = so by passing to the associated 
fppf abelian sheaves, we thus obtain the short exact sequence of fppf sheaves 

^ <^xtrigs{A, Gm) ^ <^xts{A, Gm) ^ . 

Now by [5, Proposition 5.1] (or [ , III, Proposition C.14]), the canonical duality of abelian varieties 
extends to a natural map A° <§xts{A, Gm) which is an isomorphism of fppf abelian sheaves on the 
category of smooth S-schemes if and only if Grothendieck's pairing on component groups (2.7) is right 
non-degenerate. Thus, our hypotheses ensure that S'xts{A, Gm) is represented on the category of 
smooth S-schemes by the smooth and separated S-group scheme A^. Since to a is a vector group, it is 
clearly smooth and affine over S. Thus, the proof of [ , III, Proposition 17.4], which is easily adapted 
from the situation considered there (fpqc topology on all S'-schemes) to our situation (fppf topology 
on smooth S'-schemes) since to a and A^ are smooth, shows via fppf descent that S'xtrigg{A,Gm) is 
represented (on smooth S'-schemes) by a smooth and separated S-group scheme, and that there is a 
short exact sequence of smooth S-schemes (2.8). I 

Remark 2.7. We note that Mazur-Messing [ , I, 5.2] prove that the canonical map 

A ^<^xts{A'>,Gm) 

is an isomorphism of fppf abelian sheaves on smooth test objects for any Neron model A over any 
connected Dedekind scheme S by showing that (oxtsiA^ ,Gm) satisfies the Neron mapping property. 
In our situation, this method fails to generalize as A^ does not satisfy any good mapping property on 
smooth S-schemes which do not have connected closed fiber. 

In our applications, we will wish to apply Proposition 2.6 when Ak is the Jacobian of a smooth 
and proper curve over K. In this situation, it follows easily from the autoduality of Jk and the 
functoriality of the morphism £'xts{J, Gm) that Grothendieck's pairing is right non-degenerate 
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if and only if it is left non-degenerate if and only if it is perfect. In order to apply Proposition 2.6, we 
will need the following criterion for the perfectness of Grothendieck's pairing: 

Proposition 2.8. Let be a smooth and proper curve over K with Jacobian over K. Fix a 
proper flat and normal model X of Xk over R, and denote by Xi, . . . ,X„ the {reduced) irreducible 
components of the closed fiber Xj.. Suppose that the the greatest common divisor of the geometric 
multiplicities of the Xi in Xj. is 1, and assume one of the following hypotheses holds: 

(1) The residue field k of R is perfect. 

(2) X is regular, each Xi is geometrically reduced and X admits an etale quasi- section. 
Then Grothendieck's pairing (2.7) for Jk is perfect. 

Proof. As our hypotheses are preserved by and our conclusion may be checked after etale base change, 
we may replace R with a strict henselization of R and may thus assume that R is strictly henselian. In 
case (2), our hypotheses ensure that Xk has a X-rational point and admits a proper flat and regular 
model X over R all of whose (reduced) irreducible components are geometrically reduced. These are 
exactly the hypotheses of [(i. Corollary 4.7], which then ensures that Grothendieck's pairing for Jk is 
perfect. 

In case (1), we first claim that our hypothesis on the gcd of the geometric multiplicities of the 
Xi in Xk imply the existence of a tamely ramified Galois extension K' of K (necessarily with trivial 
residue field extension) such that X^:' has a i^'-rational point. Indeed, by resolution of singularities 
for excellent surfaces [16, §2], [25] and descent arguments from the completion of R (see [14, Theorem 
2.2.2]) there exists a proper birational morphism of proper and flat S-models X ^ X of Xk with X 
regular. Due to [2(3, Corollary 9.2.30], we may assume that the closed fiber Xk is a normal crossings 
divisor on X. Observe that the proper and birational morphism X ^ X is an isomorphism over any 
point ^ G X of codimension 1; this may be checked after the base change Spec(i^x.^) — > where it 
follows from the valuative criterion for properness applied to the discrete valuation ring ^x,£, (recall 
that X is normal). In particular, X ^ X is an isomorphism over the generic points of X^ and we 
deduce that our hypothesis on the gcd of the geometric multiplicities of the irreducible components 
of Xk is inherited by X. Thus, there exists an irreducible component Tq of Xj. whose multiplicity e 
in Xk is not divisible by char(A:). The proof of [2(3, Theorem 10.4.6] (see also [ , Corollary 10.4.7]) 
then shows that there is a Galois extension K' of K with ramification index e having the following 
property: letting R' denote the integral closure of R in K', (which is again a discrete valuation ring, 
as R is henselian) and writing X' for the normalization of X Spec{R'), the closed fiber X^ has 
an irreducible component Tq over Tq whose geometric multiplicity in X^ is 1; i.e. T'q is generically 
smooth. As R' is strictly henselian, we conclude that there exists an i?'-point of X' and hence a 
X'-point of X'j^, = Xk', as claimed. 

Now since k is perfect, Xk' admits a proper flat and regular model over R' with the property 
that every (reduced) irreducible component of the closed fiber is geometrically reduced (any proper 
flat and regular model will do). We may therefore apply [(3, Corollary 4.7] to Xk' to deduce that 
Grothendieck's pairing for Jk' is perfect. As K' / K is tamely ramified, it now follows from [ ] that 
Grothendieck's pairing for Jk is perfect, as desired. ■ 

Remark 2.9. Assuming k to be perfect, it follows from work of Pepin [" "] (using the results of Bosch 
and Lorenzini [(3]) that Grothendieck's pairing for Jk is perfect whenever the index of Xk is not 
divisible by the characteristic of k. 
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Already in the case of Jacobians, Grothendieck's pairing may fail to be perfect. Indeed, working 
over R with imperfect residue fields, Bosch and Lorenzini give an explicit example of a Jacobian Jk for 
which Grothendieck's pairing is not perfect [(>, Example 6.2]. The first examples of abelian varieties 
for which Grothendieck's pairing is not perfect were given by [■'<]. 

For an arbitrary abelian variety Ax over K, Grothendieck's pairing on component groups (2.7) is 
in addition known to be perfect under any of the following hypotheses: 

(1) R is of mixed characteristic (0,p) and k is perfect. 

(2) k is finite. 

(3) k is perfect and Ak has potentially multiplicative reduction. 

(4) There exists a tamely ramified Galois extension K' of K having trivial residue field extension 
such that Grothendieck's pairing for the base change Ak' is perfect. 

For the proofs of these facts, see [I] in the case of (1), [oL] in case (2), [o] in case (3), and [■>] in the 
case of (4). See also [34, III, Theorem 2.5] when R has mixed characteristic and finite residue field. 

We end this section by relating the group Sxtrigg{A, Gm) to the identity component of the canonical 
extension S[A) := (gxtrig s[A^ ,Gm) of A: 

Lemma 2.10. Let Ak be an abelian variety over K and A its Neron model over R. Suppose that 
Grothendieck's pairing (2.7) for Ak is right non- degenerate, so S'xtrigg{A, Gm) is a smooth S-group. 
The canonical map of short exact sequences of S-groups 

(2.10) ^^A ^ Sxtrigs{A,Gm) ^ 1° ^0 

j j 
^ ^ S'xtrigs{A^, Gm) A ^ 

furnished from the functoriality of S'xtrigg{-,Gm) by the inclusion A^ A identifies (S'xtrigg{A,Gm) 
with the identity component of (S'xtrigg{A^,Gm)■ 
Proof. First we claim that £'xtrigg{A, Gm) has connected fibers. Since the exact sequence (2.8) com- 
mutes with base change, our claim follows from the fact that any extension of (not necessarily com- 
mutative) finite type connected group schemes over a field must be connected. Indeed, suppose that 

1 ^1 

is such extension. Since connectedness of any scheme with a rational point is preserved by ground 
field extension, the fibers oi E ^ F are connected as they become isomorphic to G after passing to an 
extension field and G is connected. Thus, any separation {U, V} of S is a union of fibers E ^ F. 
Since the quotient map E ^ F is faithfully flat and of finite type, it is open, so {U, V} is the pullback 
of a separation of F; by the connectedness of F we conclude that {U, V} is trivial and E is connected. 

To conclude, since Sxtrigg{A, Gm) has connected fibers it suffices to show that any homomorphism 
from a commutative S-group H with connected fibers to S'xtrigg{A^, Gm) necessarily factors through 
S'xtrigg{A,Gm)- By the functoriality of S'xtrigg{-,Gm), the top row of (2.10) is identified with the 
pullback of the bottom row along the inclusion A^ A; i.e. we have a canonical isomorphism of 
smooth groups 

c?xtrigs{A,Gm) = ^xtrigs{A^,Gm) x^l°. 
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Thus, since the composition of — > S'xtrigg{A^,Gm) with the projection to A necessarily factors 
through the inclusion of into A as H has connected fibers, we conclude that H S'xtrig g{A^ , Gm) 
indeed factors through the fiber product S'xtrigg{A, Gm), as desired. ■ 

3. An ENHANCEMENT OF THE RELATIVE PiCARD FUNCTOR 

We continue to suppose that S = Spec R with R a discrete valuation ring having field of fractions 
K. By a relative curve X over S we mean a flat finite type and separated /S-scheme f : X ^ S ol 
pure relative dimension 1 that is normal with smooth and geometrically connected generic fiber. In 
this section, we will introduce the functor Pic^'^^ and prove that it is representable whenever Pic^^^ 
is representable. 

We begin by recalling some general facts about relative dualizing sheaves and Grothendieck duality 
that will be needed in what follows. Let X and Y be locally noetherian schemes and / : X — > y a 
Cohen-Macaulay morphism of pure relative dimension n. By ["', Theorem 3.5.1], the complex f'^Y 
has a unique nonzero cohomology sheaf, which is in degree — n, and the relative dualizing sheaf of X 
over Y is 

It is flat over Y by [13, Theorem 3.5.1], and locally free if and only if the Cohen-Macaulay fibers 
of / are Gorenstein [23, V, Proposition 9.3, Theorem 9.1]. Furthermore, the formation of ujx/y is 
compatible with etale localization on X (see the discussion preceding [I3, Corollary 4.4.5] ) and with 
any base change Y' ^ Y where Y' is locally noetherian [13, Theorem 3.6.1]. When / is in addition 
proper, there is a natural ^y-linear trace map 

(3.1) 7/ : ^"/*^x/y ^ 

which is compatible with any base change Y' ^ Y with Y' locally noetherian [l.'i. Corollary 3.6.6]. 
By Grothendieck-Serre duality [13, Theorem 4.3.1] the canonical map 

(3.2) Tif^TiJifom'x{^',u;x/Y[n]) ^ Rjrom^(R/,^', ^y) , 

induced by (3.1) is a quasi- isomorphism for any complex ^* in the derived category of sheaves of 
^x-iuodules whose cohomology is coherent and vanishes in sufficiently negative and positive degrees. 

For arbitrary base schemes Y and Cohen-Macaulay morphisms f : X ^ Y oi pure relative dimen- 
sion, one defines ujx/y (and 7/ when / is proper) via direct limits and base change from the locally 
noetherian case (see [ , p. 174]); this makes sense due to the aforementioned base-change compati- 
bility in the locally noetherian context and yields a coherent sheaf of ^x-modules ujx/y and a trace 
map 7j when / is proper that are compatible with arbitrary base change on Y. 

Let us apply these considerations to the case of a relative curve f : X ^ S. Since X is normal 
and of pure relative dimension one, it is Cohen-Macaulay by Serre's criterion for normality, so / is 
Cohen-Macaulay by part (ii) of the Corollary to Theorem 23.3 in [28]. Thus, the complex f'^s is a 
coherent sheaf cox/s concentrated in degree -1. By our discussion, cox/s is -S'-flat, and of formation 
compatible with etale localization on X and arbitrary base change on S. When / is 5-smooth, the 
theory of the dualizing sheaf provides a canonical identification of the relative dualizing sheaf with 
the sheaf of relative differential 1-forms on X over S. It is natural to ask how these two sheaves are 
related in general: 
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Proposition 3.1. There is a canonical i^x-Hnear morphism 

(3.3) cx/s ■■ ^x/s 

whose restriction to any S -smooth open subset of X is the canonical isomorphism. 

Proof. See [ , Proposition 5.1]. I 

In fact, we can realize u)x/s ^ ^ subsheaf of differentials on X which are regular on the generic fiber. 
Precisely, \i i : U ^ X \s any open subscheme of X containing the generic fiber then the canonical 
map oJx/s ~^ is injective as it is an isomorphism over Xk and ujx/s is •S'-flat. Since the 

formation of cox/s is compatible with etale localization on X, we thus obtain a natural injective map 

(3.4) ^x/s^ ^ 'i*^u/s ■ 

In particular, taking U = Xk we have tou/s ~ 17^^^^ by the general theory of the dualizing sheaf (or 
by Proposition 3.1), so uJx/s is a subsheaf of i*^x^/K- When U is large enough, the map (3.4) is also 
surjective: 

Lemma 3.2. Suppose that the complement of U in X consists of finitely many closed points of codi- 
mension 2 {necessarily in the closed fiber). Then the canonical injective map (3.4) is an isomorphism. 

Proof. We follow the proof given below (5.2.7) of [ ]. By standard arguments, it suffices to show that 
the local cohomology groups H^{X,ujx/s) vanish for all x X — U. Due to [ Exp. Ill, Example 
3.4], such vanishing is equivalent to 

depth^^_^(a;x/5,x) > 2. 

If X G X — {/ is a regular point, then this inequality is trivially verified as ujx,x is a free ^x,a;-™odule of 
rank 1 for such x (regular local rings are Gorenstein), and ffx,x is 2-dimensional and normal (whence 
it has depth 2 by Serre's criterion for normality). 

In general, by [19, Exp. Ill, Corollary 2.5] it is enough to show that for each non-regular point x of 
the closed fiber Xk of X we have 

(3.5) depth^^^ ^wxfc/fc,^) > 1- 

If this is not the case, then the maximal ideal rrix of ^Xk,x consists entirely of zero-divisors for the finite 
^Xfc ,a;-iiiodule uJXk/k,xi SO it must be an associated prime of ujx,.jk,x- We would then have rrix = Ann(s) 
for some nonzero s G ^x^jk^x whence IIomXfc(A;(a;), wj^^^^^) ^ 0. However, 

(3.6) Homx,(A;(x),a;x,/fc) = R^^XkM^))'' 

by Grothendieck duality for the fc-scheme X^ (see Corollary 5.1.3 and the bottom half of page 224 in 
[13]), and we know that the right side of (3.6) is zero (since k{x) is a skyscraper sheaf supported at 
the point x), which is a contradiction. Thus, contains an u;xj./fc,a;-regular element, so (3.5) holds, 
as desired. ■ 

When / : X — > S" is in addition proper, so we have a trace map (3.1), we may apply the machinery 
of Grothendieck duality. For our purposes, we need only the following: 

Proposition 3.3. If f : X ^ S is a proper relative curve then the canonical map of flat ffg-modules 

(3.7) f*ujxis -(i?V*< 
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induced by cup product and the trace map (3.1) is an isomorphism. Furthermore, there is a natural 
short exact sequence of i?s-''^odules 

(3.8) ^rxt^(i?i/*^x, ffs) R^h^x/s {h^xY . 

In particular, if f is cohomologically fiat [in dimension 0) then R^f^u!x/s ^-^ C' locally free ^s-^odule. 

Proof. Since ,J^omxi^x,') is naturally isomorphic to the identity functor, (3.2) with ^* = Gx 
(thought of as a complex in degree zero) yields a quasi-isomorphism 

(3.9) R/*u;x/5[l] - R^omKR/*^x, ^s). 
Applying H^^ to (3.9) and using the spectral sequence 

(3.10) £;2"^'" = ^xt^^(if^"(R/,^x),^5) =^ H"'+''{K^om's{Rf,Gx,^s)) 

(whose only nonzero terms occur when m = 0, 1 and n = 0, —1) to calculate the right side, we obtain 
a natural isomorphism f*uJx/s ~ {R^ f*^xY ■ To know that this map coincides with the map (3.7) 
induced by cup product and the trace map 7/, one proceeds as in the proof of [13, Theorem 5.1.2]. 
Similarly, applying to (3.9) and using (3.10), we arrive at the short exact sequence (3.8). For the 
final statement of the proposition, recall that by definition / is cohomologically flat in dimension if 
f*ffx commutes with arbitrary base change, which holds if and only if R^f^^Gx is locally free. Thus, 
when / is cohomologically flat, the sheaf S'xtg{R^ f^i^Xi ^s) vanishes and it follows easily from (3.8) 
that R^f^ux/s is locally free over S. ■ 

We record here the following Corollary, which shows that the relative dualizing sheaf is in general 
much better behaved than the sheaf of relative differential 1-forms: 

Corollary 3.4. Let f : X ^ S be a proper relative curve, and assume that f is cohomologically flat in 
dimension 0. Then for all i >0, the i^s-'^^odule R^ f-tU^x/s locally free and commutes with arbitrary 
base change on S. 

Proof. By standard arguments on base change, it is enough to show that R^ f^,ujx/s is locally free for 
i > 0. This holds for i > 2 by the theorem on formal functions (as then R^ f^ujx/s = 0); ^iid for ^ = 
since oJx/s is S'-flat. For i = 1, it follows immediately from Proposition 3.3. ■ 

For a relative curve / : X — > S*, we now wish to apply the preceding considerations to define 
a natural enhancement Pic^y^^ of the relative Picard functor classifying invertible sheaves with the 
additional data of a "regular connection." 

Let T be any 5-scheme. Since both the sheaf of relative differential 1-forms and the relative 
dualizing sheaf are compatible with base change, via pullback along T — > S" we obtain from (3.3) a 
natural morphism O-^^^^ ojxtIT^ hence an ^^"-linear derivation 

dT : Gt ^ '^XtIT . 

Fix a line bundle »Sf on Xt- Recall that a connection on ^ over T is an linear homomorphism 
V : ^ — > ^ J7^^yj, satisfying the usual Leibnitz rule. When X is not S'-smooth, this notion is 
not generally well-behaved, and it is often desirable to allow connections to have certain types of poles 
along the singularities of X. For our purposes, the right notion of a connection is: 
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Definition 3.5. A regular connection on over T is an ^7^-linear homomorphism 

V : if ^ ®(^xt ^Xt/t 

satisfying the Leibnitz rule: V^hr]) = r] dxih) + hVr] for any sections h of ^^'^ V of 
morphism of line bundles with regular connection over T is an ^Xt'^^''^^^^ morphism of the underlying 
line bundles that is compatible with the given connections. 

Remark 3.6. Observe that any connection V : JSf — JSf (g) ^x^/j- on J§f over T gives rise to a regular 
connection on J§f over T via composition with the map induced by il^^y^ ujxt/t- 

If ^ and are two line bundles on Xt equipped with regular connections V and V over T, 
then the tensor product ££ S^' is naturally equipped with the tensor product regular connection 
V (8) V induced by decreeing 

(V (g) V')(?? <8) r\) := 77 (g) V'(?7') + 77' (g) V(?7). 

for any sections 77 of and 77' of jSf' . Observe that with respect to this operation, the pair {Gxti^t) 
serves as an identity element. Thus, the set of isomorphism classes of line bundles on Xt with a 
regular connection over T has a natural abclian group structure which is obviously compatible with 
our definition of a morphism of line bundles with connection. Furthermore, if T' — > T is any morphism 
of iS-schemes, then since the formation of tjJxjs is compatible with base change, any line bundle on Xt 
with regular connection over T pulls back to a line bundle on Xt' with regular connection over T' . 

Definition 3.7. Denote by P^jg the contravariant functor from the category of S'-schemes to the 
category of abelian groups given on an S-scheme T by 



4/5(r) - 



'Isomorphism classes of pairs (^,V)" 
consisting of a line bundle on Xt 
equipped with a regular connection V 

^over T 



and write Pic]^^^ for the fppf sheaf associated to Pxjs- 

As is customary, we will denote by Pxjs contravariant functor on the category of S-schemes 
which associates to an S'-scheme T the set of isomorphism classes of line bundles on Xt-, and by Picx/5 
the fppf sheaf on the category of S'-schemes associated to PxjS- For ^^ly -^-scheme T, there is an 
obvious homomorphism of abelian groups P^yg(r) — Px/s{T) given by "forgetting the connection," 
and hence a map of fppf abelian sheaves 

(3.11) Pic5f/5 >Picx/5. 

We wish to define a certain subfunctor of Pic^^^ which will play the role of "identity component" and 
which will enjoy good representability properties. We adopt the following definition: 

Definition 3.8. Let Pic^*^^ be the fppf abelian sheaf on the category of S'-schemes given by 

^'^^X/S -^^^X/S ^P'cx/s PlC^/S ■ 
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Here, Pic^^g denotes the identity component of the group functor Picx/s (whose fibers are repre- 
sentable; see [27, p. 459] and compare [7, p. 233]). Alternately, Pic^/5 the open subfunctor of Picx/s 
classifying line bundles of partial degree zero on each irreducible component of every geometric fiber 
[ , §9.2, Corollary 13]. 

Theorem 3.9. Let f : X ^ S be a proper relative curve and suppose that the greatest common divisor 

of the geometric multiplicities of the irreducible components of the closed fiber X^ of X is 1. Then 
h 

^ x/s ^ smooth S -scheme and there is a short exact sequence of smooth group schemes over S 

(3.12) f*(^x/s Pic^% Pi4/5 . 

To prove Theorem 3.9, we will first construct (3.12) as an exact sequence of fppf abelian sheaves. By 
work of Raynaud [ 10, Theorem 8.2.1] (or [ , §9.4 Theorem 2]), the hypotheses on X imply that Pic^^^ 
is a separated S-group scheme which is smooth by [~, §8.4 Proposition 2]. On the other hand, our 
hypotheses ensure that X is cohomologically flat in dimension zero, whence f*u)x/s is a vector group 
(in particular, it is smooth and separated) by Corollary 3.4. A straightforward descent argument will 
complete the proof. 

We will begin by constructing the exact sequence (3.12). Fix an S'-scheme T and consider the 
natural map (3.11). The kernel of this map consists of all isomorphism classes represented by pairs 
of the form (^Xtj^)) where V is a regular connection on i^Xr over T. By the Leibnitz rule, V is 
determined up to isomorphism by the value V(l) € T[Xt,ojxt/t)- Since two pairs (i^Xt^V) and 
{^Xt^^') isomorphic precisely when there is a unit u G T{Xt-, ^x^) satisfying 



V(l) = V'(l) + ■ dru 



we see that the kernel of (3.11) is naturally identified with H^^Xti^Jxt/t) modulo the image of the 



map 

(3.13) dT log : H\Xt, Gl^) ^ H\Xt. u^Xr/r) 

that sends a global section u of to ■ dxu. Since pushforward by the base change fx^ of / is 
left exact, we know that /t*^Xt ^ subsheaf of fr^^Xx- By [40, Theoreme 7.2.1], the hypotheses on 
X ensure that / is cohomologically flat, so fr^^Xx — ^T- Since dr annihilates r(T, i^r), we conclude 
that the map (3.13) is zero. 

We thus arrive at a short exact sequence of abelian groups 

(3.14) H''{XT,u;xr/T) " Px/s{T) 

that is easily seen to be functorial in T. In order to construct the exact sequence of fppf abelian 
sheaves (3.12), we need to extend (3.14). To do this, we use Cech theory to interpret (3.14) as part of 
a long exact sequence of cohomology groups. 

Consider the two-term complex (in degrees and 1) dylog : ~^ ^Xt/t given by sending 

a section n of ^j^^ to n^-*^ • dxu; we will denote this complex by uj'^*ij.. The evident short exact 
sequence of complexes 

c^x^/t[-1] ^Yt/t " 
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yields (since dxlog : H^{Xt,^Xt^ ~^ H^{.^t-,^Xt/t) is the zero map) a long exact sequence in 

hypercohomology 

(3.15) 

H\Xt,u:x^,t) H1(Xt,u;^;/^) ^ H\Xt, G^^) //H^t,^x^/t) 

that is clearly functor ial in T. 

Lemma 3.10. For affine T, the exact sequence (3.14) is identified with the first three terms o/(3.15) 
in a manner that is functorial in T. 

Proof. Recall (c/. [ , Om, §12.4]) that there is a natural identification of derived- functor (hyper) 
cohomology with Cech (hyper) cohomology which is 5- functorial in degrees and 1. We thus have 
a natural identification of (3.15) with the corresponding exact sequence of Cech (hyper) cohomology 
groups, so it suffices to interpret (3.14) Cech-theoretically in a manner that is natural in T. 

For (^, V) representing a class in P^^g(T), let {Ui] be a Zariski open cover of Xt that trivializes 
Jf, and denote by fij £ T{Ui DUj, ff^j,) the transition functions. Because of the Leibnitz rule, V 
is determined by a unique "connection form" uji £ T{Ui,u)Xj./T)i and the relation 



uJi-ujj = • drfi: 



holds on Ui H Uj. We thus obtain a Cech 1-hyper cocycle for the complex u}x''/t 

GC'H{f/a,^^;V) := cH{u,nu,},ff^^)(BC\m,u:x,/T)- 

It is straightforward to check that any two such trivializations over open covers {Ui} and {Vj} yield 
hyper 1-cocycles which differ by a hyper coboundary when viewed as hyper 1-cocycles for the common 
refining open cover {UiCiVj}, and likewise that two different representatives of the same isomorphism 
class in P^^g{T) yield hyper 1-cocycles that differ by a hyper-coboundary (after passing to a common 

refining cover of the associated cocycles). We therefore obtain a well-defined Cech hyper-cohomology 
class. This procedure is easily reversed, and so we have a bijection 

PxMT)^U\Xt,u;^x:/t)- 
To check that this is in fact a homomorphism of abelian groups that is functorial in T is straightforward 
(albeit tedious). 

We identify Px/s{T) with H^{Xt, ^Xy) ™ usual way, by sending a class represented by ^ to 
the 1-cocycle {/jj} given by the transition functions associated to a trivializing open cover {Ui} and 
choice of trivializations of . Similarly, we use the natural isomorphism of H^{Xt,ujxt/t) with 
,ujxj,/t): a-iid we thus obtain a functorial diagram of homomorphisms of abelian groups 

H^iXT,u;x^/T) P^x/s(T) Px/siT) 



I t i 

Xt/t) H^Xt, ^Xt> 



^H\Xt^u:x,/t) -Hn^T,^j^;V) ^ H\Xt 



That this diagram commutes is easily verified by appealing to the explicit descriptions of the maps 
involved. 
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By Raynaud's "critere de platitude cohomologique" [40, Theoreme 7.2.1], our hypotheses X ensure 
that / is cohomologicahy flat in dimension zero. Thus, due to Corollary 3.4 and the fact that the 
formation of oox/s commutes with any base change on 5, for each i > the fppf sheaf associated to 
functor on 5-schemes 

T H\Xt,ujxt/t) 

is represented by the vector group f-tUJx/s- By Lemma 3.10, we therefore have an exact sequence of 
fppf sheaves of abelian groups on the category of S-schemes whose first and last (nonzero) terms are 
smooth affine /S-groups: 

(3.16) U^x/s ^ ^ Picx/s R^f*oJx/s 

With (3.16) at hand, we can now prove Theorem 3.9: 

Proof of Theorem 3.9. Consider the identity component Pic^^^ and the composition of its inclusion 

into Picx/5 with the map of fppf sheaves Picx/5 ~^ ^ f*^x/s- We claim that this composite is the 
zero map. Indeed, by Exemples 6.1.6 and Theoreme 8.2.1 of [4U] (or §9.4, Theorem 2 of [7]) and §8.4, 
Proposition 2 of [7], our hypotheses on X ensure that Pic^^^ is a smooth and separated ^-scheme, so 
the composite map 

(3.17) PicO,/5 ^R^f.ivx/s 

is a map of 5-group schemes. Since the generic fiber of Pic^y^ is an abelian variety and R^ f^ujx/s is 
affine over S, the closed kernel of (3.17) contains the generic fiber, and hence (3.17) is the zero map. 
Thus, the inclusion Pic^^^ — > Picx/5 factors through the image of (3.11). By puUback, we obtain a 
short exact sequence (3.12) of fppf abelian sheaves on the category of S'-schemes. As we have observed, 
the leftmost term in (3.12) is a vector group (in particular it is a smooth and affine S'-group), and the 
rightmost term is a smooth and separated S'-group scheme. It follows from this by fppf descent, as 
in the proof of Proposition 2.6, that Pic^y^ is a smooth and separated S'-group scheme, and that we 
have a short exact sequence (3.12) of smooth and separated group schemes over S. ■ 

4. Proof of the main Theorem 

In this section, we prove Theorem 1.2, following the outline sketched in the introduction (in partic- 
ular, we will keep our notation from that section). Throughout this section, we fix a proper relative 
curve f : X ^ S over S = SpecR which we suppose satisfies the hypotheses of Theorem 1.2. Note 
that these hypotheses ensure that Grothendieck's pairing on component groups for Jk is perfect, by 
Proposition 2.8. In particular, there is a natural short exact sequence of smooth S-groups: 

^xtrigsiJ, Gm) ^ jD ^ . 

We begin our proof of Theorem 1.2 by constructing a canonical map of short exact sequences of 
smooth S-group schemes 

(4.1) ^^xtrigsiJ,G^) ^ jD ^0 

I Y I 

^ f*^x/s ^ ^ ^'^^x/s ^ 
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which we do in 3 steps. 



Step 1: We initially suppose that there exists a rational point x G Xk{K) and will later explain how 
to reduce the general case to this one. Associated to x is the usual Albanese mapping j^^K '■ Jk 



-1 » 



Letting i : 



X denote the 5-smooth locus 



given by the functorial recipe "y i- 
of / : X ^ S in X, we denote by jx '■ X^™^ — > J the morphism obtained from by the Neron 
mapping property of J. By abuse of notation, we will also write jx for any base change of jx- For each 
smooth and affine S-scheme T, we will show that "pullback along j^." yields a commutative diagram 
of exact sequences of abelian groups 



(4.2) -r(r,u;j^ 



^ r(XT, ujxt/t) 



Extrigr(Jr,Gm) 



ExtT(JT,G, 



Px/s{T) 



^0 



that is functorial in T. To do this, we will need to apply the following Lemma with U = X^'^] that 
this choice of U satisfies the hypotheses of the Lemma crucially uses our hypothesis that the closed 
fiber of X is generically smooth. 

Lemma 4.1. Let U be any open subscheme of X whose complement in X consists of points of codi- 
mension at least 2. For each smooth S-scheme T, pushforward along ij- : Ut Xt yields a natural 
isomorphism of short exact sequences of abelian groups 











r(c/T,m 



Ut/T' 



T{Xt,ujxt/t) 



Pu/s{T) . 



Px/s{T) 



Proof. To minimize notation, we will simply write i for i^- Since the dualizing sheaf is compatible 
with etale localization, it suffices to show that for any pair (.^, V) consisting of a line ^ bundle on 
Xt with regular connection V over T, the canonical commutative diagram 



(4.3) 



if 



IT 



i^i*££ (g) iJ*uJxT/T 



has horizontal arrows that are isomorphisms. By hypothesis, X is normal and the complement of U in 
X consists of points of codimension at least two. Since T ^ S" is smooth, the base change Xt is also 
normal and the complement of Ut in Xt has codimension at least 2 (see part (ii) of the Corollary to 
Theorem 23.9 and Theorem 15.1 in [28]). As =Sf is locally free, it follows that the top horizontal map 
of (4.3) is an isomorphism. By Lemma 3.2 the canonical map u^x/s ~^ i*'^*^x/s is an isomorphism; 
since this map and the sheaves in question are compatible with base change, we conclude that the 
bottom horizontal arrow in (4.3) is also an isomorphism. ■ 

Remark 4.2. Note that Lemma 4.1 is generally false if the complement of C/ in X has codimension 
strictly less than 2. 



CANONICAL EXTENSIONS OF NERON MODELS OF JACOBIANS 



19 



We deduce from Lemma 4.1 applied to U := X'^"^ that it suffices to construct (4.2) with X replaced 
by U in the bottom row. Note that since Ut is T-smooth, the notions of regular connection and 
connection coincide (see Proposition 3.1). Thus, we wish to associate to any element of Extrig(J7^, Gm) 
an invertible sheaf on Ut with connection over T in a manner that is Zariski-local on (and functorial 
in) T, and so globalizes from the case of affine T. To do this, we proceed as follows. 

Fix a choice r of generator for uJOm (functorially) identify Extrigji( Jj^, G^) with Et-(Jj')(T) 
via Lemma 2.1. Let {E,r]) be a representative of a class in 'Eit-{Jt)(T). Viewing E as a G^T^-torsor 
over Jt, we choose a Zariski open cover {Vi} of Jt and local sections Si : Vi ^ E to the projection 
E ^ Jt that trivialize E over Vi. Set uji := s*r/ G r(l^, J7j_^^^) and let .if be the invertible sheaf on 
Jt corresponding to the G^-torsor E. There are two canonical ways to associate transition functions 
to ^ and the sections si depending on whether we consider the section Si — Sj : H V^- — > Gm or its 
inverse sj — Sj. However, since any two choices of r differ by multiplication by ±1, there is a unique 
choice fij : ViDVj ^ Gm with the property that f*jT = f^^dfij (interpreting fij as a section of Gm 
over ViDVj), and we consistently make this choice of transition function. 

Define 

by Vi(tsj) := tsi <5?) ijOi + Si® dt for any section t of i^Vi- Using the definition of uoi and the fact that r] 
pulls back to r on Gm, it is straightforward to check that 

'^i - = fijT = fij^df.j 

(by our choice of fij) in T{Vi n Vj^^^j^^j,) and hence that the Vj uniquely glue to give a connection 
V on ^ over T. By passing to a common refining open cover, one checks that any other choice of 
trivialization (y-,,s'-,) yields the same connection on so the pair (.if, V) is independent of our 
choices of cover {Vi} and sections {si} 

By puUback along jx : Ut Jt, we thus obtain a line bundle on Ut with a connection. If (E',r]') 
is another choice of representative for the same class in 'Et-{Jt)(T) then by definition there is an 
isomorphism of extensions (p : E ^ E' with the property that ip*r]' = rj. One easily checks that 
induces an isomorphism of the invertible sheaves on Jt with connection corresponding to {E, rj) and 
to {E',r]'), and hence that we have a well-defined map of sets Et-(Jj')(T) — > P^^^{T) which is readily 
seen to be functorial in T. That this map is in fact a homomorphism of abelian groups follows easily 
from the definition using the description of the group law on E,-(Jt')(T) as in §2. By Lemma 2.1, we 
thus obtain a homomorphism of abelian groups 

(4.4) Extrig2.( Jt, G^) ^ P^/si^) 

that is functorial in T. It is straightforward to check that this map is moreover independent of our 
initial choice of r (but may a priori depend on our choice of rational point x) and so provides the 
desired functorial map. 

We similarly define Exty (Jt, Gm) — >■ Pu/si^) by associating to an extension E of Jt by Gm the 
pull back along jx : Ut Jt of the line bundle =Sf on Jt obtained by viewing E as a Gm-torsor over 
Jt- This is readily seen to be a homomorphism of abelian groups (using Baer sum on ExtT( Jti Gm)) 
and is obviously functorial in T. 

Finally, we define T{T,lojj,) — > T {Ut , ^1;^ ^j-) as follows. By [ , §4.1, Proposition 1], any global 

section ujq of wj^ = e^O j ,j, can be uniquely propagated to an invariant differential form uj on Jt 
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over T satisfying €^lo = wq- Pulling lo back along jx '■ Ut — > </tj we obtain a section of il^^^^j, over 
Ut- This association is clearly a homomorphism and functorial in T. 

We thus obtain (via Lemma 4.1) a diagram (4.2) with all maps homomorphsms of abelian groups, 
functorially in smooth affine S'-schemes T. That this diagram commutes follows immediately from the 
explicit definition of all the maps involved (morally, each vertical map is simply "pullback by jx")- 

Step 2: Passing from (4.2) to the corresponding diagram of associated fppf sheaves and recalling the 
construction of the exact sequence of fppf sheaves (3.16) in §3, we obtain a commutative diagram of 
fppf sheaves of abelian groups 

^ ^ S'xtrigsiJ, Gm) ^ S'xts{J, Gm) ^ • 

I Y I 

f*^x/s PiCx/5 Pi^-Y/s 

From Lemma 2.8, we thus deduce the following commutative diagram of fppf abelian sheaves on 
smooth S'-schemes with each term in the top row a smooth S-group: 

^ ^^.J ^ (^xtrigsiJ, Gm) ^ jD ^ 

I Y I 

^ f*^x/s ^ ^^^x/s ^ 

Since the map — > Picx/s is homomorphism of group functors (on smooth S'-schemes) and has 
connected fibers, for topological reasons this map necessarily factors through the open subfunctor 
Pic^y^ (thinking of Pic^^^ as the union of all identity components of the fibers of Picx/5; c/- [22, IV3, 

15.6.5] and arguing fiber-by- fiber) . By the definition of Pic J^^^ (Definition 3.8) as a fiber product, we 
thus have a commutative diagram of fppf abelian sheaves on smooth S-schemes 

(4.5) ^ S'xtrigsiJ, Gm) ^ jO ^ 

I i Y 

f*^x/s Picf^s " 

Step 3: By Proposition 2.6 and Theorem 3.9, both rows of (4.5) are short exact sequences of smooth 
S-group schemes, and we claim that the comutative diagram (4.5) of fppf sheaves on smooth S-schemes 
can be enhanced to a corresponding commutative diagram of maps between smooth group schemes 
over S. Indeed, this follows from Yoneda's lemma, which ensures that the natural "restriction to the 
smooth site" map 

Romsi^,^) Roms,,^{^,^) 

is bijective for any fppf abelian sheaves ^ on S-schemes with ^ represented by a smooth S-group 
scheme. 

We have thus constructed (4.1) using our initial choice of rational point x G Xk{K). If x' is any 
other choice of rational point, we claim that the resulting maps (4.1) obtained from x and x' coincide. 
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Since jx,K,jx',K '■ Jk differ by a translation on Jk, it is enough to show that for any translation 

r : Jk Jk, the induced map 

(4.6) ^^J ^<^xtrigs{J,Gra) ^ jO ^0 



^1 



V2 



V3 



^ ^ S'xtriQsiJ, Gm) ^ jO ^ 

(using the Neron mapping property) is the identity map. Since each term in the bottom row is 
separated and each term in the top row is flat, whether or not (4.6) coincides with the identity map 
may be checked on generic fibers. Now r* : ujjj^ is the identity map as wj^ is identified with 

the sheaf of (translation) invariant differentials [7, §4.2 Proposition 1]. That r* : Jk — > Jk is the 
identity is well-known, and follows from the fact that the line-bundles classified by Jk '■= Picj^^^ 
are translation invariant (or equivalently that the classes in SxtK{JK,Gm) are primitive).'^ Thus 
= H^'i = id so on i^-fibers, ^p^ — id uniquely factors through a map Jk — > wj^^ which takes the 
identity to the identity. As any map from an abelian variety to a vector group is constant, we conclude 
that 993 — id is identically zero on X-fibers, and hence that (/?3 = id as well. Thus, the map (4.1) which 
we have constructed is independent of the choice of rational point x S Xk{I^)- 

In the general case when Xk{I^) may be empty, we proceed as follows. Denote by Y any one of 
the three schemes occurring in the top row of (4.1) and by Z the corresponding scheme in the bottom 
row. We first claim that we have a canonical map Yk Zk- Indeed, Xk has a ET'- rational point for 
some finite Galois extension K' of K, and we may use this point to define a K'-map Yk' Zk' as 
we have explained. Since this map is independent of the choice of i^'-rational point by what we have 
said above, via Galois descent we have a canonical K-map ipK '■ Yk Zk as claimed. 

We now appeal to the following general Lemma: 

Lemma 4.3. Fix an integral scheme T with generic point r/ and let Y ^ T and Z ^ T be any flat 
T -schemes, with Z separated over T. Suppose given a map '-Y^^ ^ Z^- Then there is at most one 
extension of (pri to a T-map : Y ^ Z, and tp exists if and only if the schematic closure inYx^Z of 
the graph of prj maps isomorphically onto Y by the first projection. In particular, p exists if and only 
if there is an fpqc morphism T' ^ T and a map p' : Yt' — > Zt' with p>'^t = pr]' where rj = T' Xt rj. 

Proof. The proof of Lemma 4.3 proceeds via standard arguments with schematic closures of graphs; 
due to lack of a reference, we sketch how this goes. The uniqueness of an extension is clear, as T is 
integral, Z is separated over T, and Y is T-flat. For existence, we proceed as follows. Let T C Y Xj- Z 
be the schematic closure in y x^^ Z of the graph T^p^^ C 1^ of (/?^, and note that = T^^ as Z 

is T-separated. Now if the first projection T ^ 1" is an isomorphism then it is clear that extends 



■^More precisely, for any abelian variety A over K we have a homomorphism of group functors 

: PicA/K iiom{A,PicA/K) 

given functorially on if-schemes T by sending a line bundle on At to the map x 1-^ ® with Tx transla- 

tion by a T-point x of At- Since A and Pic^/x projective, Grothendieck's theory of Horn-schemes ensures that 
Hom(A, Pic°ji^ f^) is a finite-type T^-scheme which we claim is etale. Working over K, our claim follows from the fact 
that there are no nonzero liftings to K[€] of the zero map A Pic^^y^ (due to [36, Theorem 6.1]), so the tangent 
space of Hom(y4, Pic^^j^ ) at the origin is zero. Again passing to K, we conclude that the group map (f) maps connected 
components of Pica/k to individual points, so in particular restricts to the zero map on the connected component of the 
identity Pic^f/^. 
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to a T-morphism. Conversely, given ip -.Y ^ Z extending (/?^ and denoting by the graph of tp, we 
claim that necessarily F = F^. Indeed, the canonical closed immersion T ^ Y Xt Z factors through a 
closed immersion T ^ as is closed iuYxtZ (due to T-separatedness of Z) and contains F^^. 
Since the closed immersion T — > F,^ is an isomorphism over rj (using that ~ -T^^) it must be an 
isomorphism, since T^^ is dense in as is T-flat and T is integral. We conclude that T = T^ maps 
isomorphically onto Y via the first projection. Finally, whether or not the first projection F — > 1" is 
an isomorphism is insensitive to fpqc base change; since the formation of F commutes with such base 
change (as 77 ^ T is quasi-compact and separated), we deduce the last statement of the Lemma. ■ 

Applying the Lemma with T = S = Spec(i?), Y, Z as above, and T' = Spec(i?'^'^) for R^^ a strict 
henselization of R, we see that it remains to construct a T'-morphism Yx' — > Zx' recovering the base 
change of ipx to K^^ := Frac(i?^'^) on generic fibers. Now X has generically smooth closed fiber, so 
has a i^'^'^-point. As our hypotheses on X are unaltered by base change along local-etale extensions 
of discrete valuation rings (such as i? — > R^^) and the formation of the top and bottom rows of (4.1) 
commute with such base change we may use this ET^^^-point as in the construction of (4.1) to define 
the desired T'-map 1^/ Z^'- We conclude that ipx uniquely extends to an S-map, and thus we 
obtain (4.1) over S as desired. 

Now that we have constructed the canonical map of short exact sequences of smooth S-groups (4.1), 
we can show that it is an isomorphism. We reiterate here that only the construction of this map uses 
the hypothesis that the closed fiber of X is generically smooth; as we will see below, the proof that 
(4.1) is an isomorphism requires only the weaker hypotheses of Raynaud's Theorem 1.1. 

Proof of Theorem 1.2. By passing to a finite etale extension if necessary, we may assume that Xk{K) 
is nonempty, and we select x £ Xk{K) and use it to define (4.1). Note that since X is normal with 
generically smooth closed fiber, X satisfies the hypotheses of Theorem 1.1. 
Consider the composite mapping 

(4.7) Pic^/5 -JO^^JD 

where the first map is deduced via the Neron mapping property from the canonical identification 
Jk = Pic^^y^ and the second map is similarly obtained from the canonical principal polarization 

Jk Jk induced by the 0-divisor; cf. [35, §6]. We claim that the composite ^ of (4.7) with 
the right vertical map of (4.1) coincides with negation on . Since is flat and separated, it suffices 
to check this claim on generic fibers, so we wish to show that the map ^'K^{jx,K) '■ Jk Jk is the 
negative of the inverse of the canoincal principal polarization Jk Jk- This is the content of [35, 
Lemma 6.9]. It follows from Theorem 1.1 that the right vertical map of (4.1) is an isomorphism if and 
only if X has rational singularities; in particular, this settles the "only if direction of Theorem 1.2. 

We henceforth suppose that X has rational singularities and we wish to show that (4.1) is an 
isomorphism of exact sequences of smooth group schemes over S. By Theorem 1.1 and our discussion, 
we know that the right vertical map of (4.1) is an isomorphism, and we will "bootstrap" Raynaud's 
theorem using duality; more precisely, we will show that the left vertical map in (4.1) is dual to the 
map on Lie algebras obtained from (1.2) and must therefore be an isomorphism as well. Indeed, 
consider the dual of the map on Lie algebras obtained from (1.2): 

^ie[jy ^^ifie(PicO )v . 
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For any commutative group functor G over S with representable fibers, the canonical inclusion ^ G 
induces an isomorphism on Lie algebras [27, Proposition 1.1 (d)], so we obtain a natural isomorphism 
of ^^-modules ^ie{JY ~ ^ie{F\cx/sY ■ The canonical identification R^f^^x — ■^^^(Picx/s) (["> 
§8.4, Theorem 1] or [il , Proposition 1.3 (b)]) then gives a natural isomorphism 



(4.8) 



Using the canonical duality ujj ~ J^ie{JY (see [42, II, §4.11] or [^^ , Proposition 1.1 (b)]) and 
Grothendieck duality (Proposition 3.3) yields a natural isomorphism of ^^5-modules 



(4.9) 



(4.8) 



(3.7) 



f*^X/i 



and hence an isomorphism of the corresponding vector groups over 5. We claim that the left vertical 
map in (4.1) coincides with the negative of (4.9). Since the source of both maps is flat and the target 
is separated over S", it suffices to check such agreement on generic fibers. 

To do this, we consider the following diagram, in which we simply write j for j^^K and (p : Jk 
for the canonical principal polarization: 



Jk 



(4.10) r(SpecK,a;j^ 



PicO(j)* 



r(Spec K,Lii' 



Jk/K) 



Jk/K' 



Lie(J_ft-) 



H\Jk,^Jj,) 




K, ^Xk, 



Here, is the usual duality (defined using the Kiinneth formula and the first Chern class of the 
Poincare bundle; see 5.1.3 and Lemme 5.1.4 of [ ]), the map ev is the canonical evaluation pairing, 
and can is the canonical map obtained by extending sections of u)jj^ to invariant differential forms 
on Jk [i, §4.2 Propositions 1, 2]. We claim that each of the three small squares in (4.10) commute, 
and that the bottom "sector" anti-commutes. For the first square, this follows from the fact that the 
composite Pic'^(j) o {—(p) : J ^ J is the identity map [35, Lemma 6.9], together with the fact that 
the canonical map can is functorial. The same reasoning shows that the third square commutes, using 
the functoriality of the identification 9k [27, Proposition 1.3 (c)]. The commutativity of the middle 
square follows immediately from 5.1.1 and the proof of Theoreme 5.1.6 in [4]. That the bottom sector 
region anti-commutes is the content of [: .: , Theorem 5.1]. Note, as a particular consequence of these 
commutativity statements, that every map occurring in (4.10) is an isomorphism. 

Using the fact that the canonical duality ujjj^ ~ ^ie{JK) is functorial in Jk (see [27, Proposition 
1.1 (b)]) together with the agreement of Pic*^(j) : Jk J and —ip~^, as above, we conclude that 
the composite isomorphism T {Spec K,ujjj^) — > Lie(J/^)^ along the top row of (4.10) is the canonical 
evaluation duality for Jk- Thus, on generic fibers, the map (4.9) is none other than the map induced 
by the top, right, and bottom-right edges in (4.10). But by definition, the left vertical map of (4.1) 
coincides with the composite of the left and bottom-left edges of (4.10) on generic fibers, and is thus 
the negative of (4.9), as claimed. 

Now that we know that the left and right vertical maps in (4.1) are isomorphisms when X has 
rational singularities, it follows that the same is true of all 3 vertical maps, as desired. ■ 
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Remark 4.4. That (4.9) coincides with the left vertical map in (4.1) over generic fibers is essentially 
Theorem B.4.1 of [13]. We have chosen here to present a different proof because [13, Theorem B.4.1] 
rests upon knowing a priori that the natural puUback map Oj^^^ j*^XK/K isomorphism, 
while we prefer to deduce this fact as a corollary of our main result. 

5. Comparison of integral structures 

In this section, we use Theorem 1.2 to prove a comparison result for integral structures in de Rham 
cohomology. As usual, we fix a discrete valuation ring R with field of fractions K. 

Let Ak be an abelian variety over K. It is well-known that the Lie algebra of the universal extension 
E(Ak) of the dual abelian variety Ak is naturally isomorphic to the first de Rham cohomology of Ak 
over K, compatibly with Hodge filtrations: 

Proposition 5.1. There is a canonical isomorphism of short exact sequences of finite dimensional 
K-vector spaces 

^ Ue{uAj,) ^ Lie(^(lA-)) ^ Lie(li^) ^ 



H'^iAK, ^ hI-^{Ak/K) ^ H\A, Ga) 

Proof. See [■" >, I, §4]. ■ 

Note that since u^Ak is a vector group, we have a canonical identification of Lie(u;^^) with the 
global sections of wa^- We deduce from Proposition 5.1 and Proposition 2.3 the following Corollary, 
which equips the de Rham cohomology of Ak with a canonical integral structure: 

Corollary 5.2. Let A {respectively A) be the Neron model of Ak {respectively Ak) over R and let 
S'{A) he the canonical extension of A {Definition 2.4). The sequence of Lie algebras 

(5.1) ^ Lie(wA) ^ Lie(^(l)) ^ Lie(l) ^ 

associated to the canonical extension (2.6) of A over R is a short exact sequence of finite free R-modules 
that is contravariantly functorial in K-morphisms of abelian varieties Ak Bk over K and recovers 
the 3-term Hodge filtration of H^^{Ak / K) after extending scalars to K. That is, (5.1) provides a 
canonical integral structure on the 3-term Hodge filtration of H^-^{Ak / K) . 

Proof. Each term in (2.6) is a smooth S'-scheme; in particular the map S'xtrigg{A'^,Gm) ^ ^ is 
smooth [42, Exp. VIb, Proposition 9.2 vii]. Thus, by [_ . , Proposition 1.1 (c)], applying the left exact 
functor Lie to (2.6) yields a short exact sequence of finite i?-modules which are free by smoothness. 
Since any homomorphism of Neron models A ^ B induces a map on identity components A^ — > B^, 
it follows from the Neron mapping property and the functoriality of the canonical extension (2.6) that 
(5.1) is contravariantly functorial in X-morphisms of abelian varieties Ak — > Bk over K. Since the 
formation of Lie algebras commutes with the scalar extension R ^ K, we deduce from Proposition 
5.1 and the fact that i^T-fiber of (2.6) is the universal extension of Ak by a vector group (see Remark 
2.5) that (5.1) recovers the Hodge filtration of H^j^{Ak / K) after extending scalars to K. ■ 

Remark 5.3. Supposing that Grothendieck's pairing (2.7) is right non-degenerate, so S'xtrig g{A,Gm) 
is a smooth and separated S-scheme by Proposition 2.6, the natural map of short exact sequences 
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(2.10) induces an isomorphism on associated exact sequences of Lie algebras by Lemma 2.10 and [27, 
Proposition 1.1 (d)]. 

For the remainder of this section, we suppose that Ak = Jk is the Jacobian of a smooth proper 
and geometrically connected curve Xk over K. Recall that the 3-term Hodge filtration 

(5.2) .H^Xk,^]^^/^) ^H'^^iXK/K) ^H^{Xk,^Xj,) -0 

is auto-dual with respect to the cup product pairing on H^-^{Xk/K) and is contravariantly and covari- 
antly functorial in finite morphisms of smooth and proper curves g : Xk X'j^ via pullback g* and 
pushforward g^ of differentials. Attached to any such morphism, we have associated homomorphisms 
of abelian varieties 

Pic°(5) -.J'k^Jk and Alb(<7) : Jk ^ J'k 

by Picard and Albanese functoriality (where is the Jacobian of X'j^). The following Proposition is 
well-known, but we have been unable to find a proof in the literature so we include one here for the 
convenience of the reader. 

Proposition 5.4. There is a canonical isomorphism of short exact sequences of K -vector spaces 

(5.3) H\Jk, H\^{Jk/K) ^ H\Jk, ^j^) 

j j V 

H^{XK,n],^/K) ^ HI^{Xk/K) ^ H\Xk, ^x^) 

This isomorphism respects the auto- dualities of the top and bottom rows. Furthermore, for any finite 
morphism g : Xk ^'k' map (5.3) intertwines Alh{g)* with g* and Pic^{g)* with g^. 

Proof. We first suppose that X(K) is nonempty and select xq G X(K). Let j : Xk Jk be the 
associated Albanese morphism. By pullback along j, we obtain a morphism on de Rham cohomology 
that yields a commutative diagram (5.3). Clearly this map commutes with extension of K (using the 
same xq) and we claim that it is independent of our choice xq. Each term in the Hodge filtration of 
H\^{Jk/K) is clearly (the global sections of) a vector group over K; denoting any one of them by V 
it suffices to show that the natural map Jk — > Autx(^) given by translations is the zero map. Since 
the target is affine of finite type over K and the source is an abelian variety, this map factors through a 
section of the target and must therefore be identically zero, as claimed. It follows from Galois descent 
that we have a canonical map (5.3) even when X{K) is empty. 

Let us denote by H{Jk) (respectively H[Xk)) the three-term exact sequence of iT-vector spaces 
given by the top (respectively bottom) row of (5.3). By passing to an extension of K if need be, we 
may suppose that Xk{I^) is nonempty and that (5.3) is given by pullback along an albenese morphism 
j : Xk — > Jk associated to some xq G Xk[I^). To show that (5.3) is an isomorphism, we will exploit 
the natural auto-dualities on H{Jk) and H{Xk). For this to be successful, it is essential to know that 
these dualities are compatible: 
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Lemma 5.5. The canonical auto- dualities of the short exact sequences H{Jk) and H{Xk) are com- 
patible via j* . That is, the following diagram commutes: 



H{Jk) 

r 



K 



H{JKf 



H{Xk) 



Proof. This is Theorem 5.1 of [12]. 



Continuing with the proof of Proposition 5.4, observe that the functoriality of the canonical iden- 
tification H^{Xk, ^Xk) ~ Lie(Pic^ yields a commutative diagram 



H\Xk,(^x^) 



-Lie(Pic°^/;,) 

Lie(PicO(j)) 

Lie(PicO,^/^) 



(see [27, Proposition 1.3 (c)]). Due to [ i , Lemma 6.9], the map Pic (j) Jr ^ Jk is the negative 
of the inverse of the canonical principal polarization Jk Jr, so in particular it is an isomor- 
phism. Thus, the map j* : H^(Jk, ffj^^) H^{Xk, i^x^) is an isomorphism. Taking iT-linear 
duals and using the auto-duality of H{Jk) and H(Xk), it follows from Lemma 5.5 that the map 
j* : H^[Jk,ujjj^) — > H^{XK,rL\^^i^) is also an isomorphism. We conclude that all three vertical 
maps of (5.3) are isomorphisms, as desired. 

It remains to check our claims concerning the functoriality of (5.3) in finite morphisms of smooth 
proper and geometrically connected curves g : Xk — > -^'k- Denote by Jj^ the Jacobian of X'^ and 
by j' : X'^ J'^ the albanese map attached to g{xQ). Albanese functoriality gives a commutative 
diagram 



(5.4) 



Xk 
i 
Jk 



Alb(g) 



K 



from which we easily obtain the commutative diagram of short exact sequences 



(5.5) 



H{X'^) 



H{Xk) 
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which shows that (5.3) intertwines the maps g* and Alb(5')*. Duahzing (5.5) and using Lemma 5.5 
gives a commutative diagram 

(5.6) H{Jk) 

j* 

H{Xk) 

By [8, Theorem 5.11 (3)], the maps g* and g^, are adjoint with respect to the cup-product pairing 
on H^-p^{Xk / K), so the composite map on the bottom row of (5.6) coincides with g*. We claim that 
Alh{g)* and Pic^{g)* are adjoint with respect to the pairing on H\^{Jk/K), so the top row of (5.6) 
coincides with V\c^{g)* . By definition, the duality pairing on H^j^{Jk / K) is deduced from the natural 
perfect pairing 

(5.7) H\k{Jk/K) X HI^[Jk/K) K 

(defined as in [ ', §5]) by identifying the de Rham cohomology of Jk with that of Jk via the principal 
polarization Jk — Jk- Now if u : J'j^ — > Jk is any morphism with dual u : Jk J'x^ then the induced 
maps u* and u* on de Rham cohomology are adjoint with respect to (5.7) by [4, 5.1.3.3]. Applying 
this to ti = Pic^{g), our claim that Alb(5f)* and Pic^{g)* are adjoint then follows from the assertion 
that the composite map 

'Jk Jk " J'k '^K 

coincides with K\b{g), where (/? and (p' are the canonical principal polarizations. But this follows by 
applying the functor Pic" to the diagram (5.4) and using the fact that Pic'^(j) and Pic"(j') coincide 
with — V ""^ and —tp' ^ , respectively, thanks to [35, Lemma 6.9]. ■ 

Fix a proper flat and normal model / : X ^ S of Xk over S = Spec R, and denote by w^^^ the 
two-term ^5-linear complex of ^x-modules d : ^x/s furnished by Proposition 3.1. We will say 

that X is an admissible model of Xk if X has rational singularities and / is cohomologically flat in 
dimension zero. 

Define H^{X/R) := H^(X,a;^^^). When X is cohomologically flat, there is a natural short exact 
sequence of finite free -R-modules 

(5.8) H\X,uJx/s) H\X/R) ^ H\X, 

whose scalar extension to K is identified with the 3-term Hodge filtration exact sequence H{Xk)- 
Moreover, (5.8) is self-dual with respect to the usual cup-product auto-duality of H{Xk) [ ' , Propo- 
sition 5.8]. By [ , Theorem 5.11], when X is admissible, the integral structure provided by (5.8) 
is canonical: this short exact sequence is independent of the choice of admissible model X of Xk 
and is both contravariantly and covariantly functorial via pullback and trace in finite ii'-morphisms 
Xk X'j^ of curves having admissible models over R. 

Via Corollary 5.2 and the identification of Hodge filtrations (5.3), when X is admissible we thus 
have two canonical integral structures on the de Rham cohomology of Xk, and it is natural to ask 
how these i2-lattices compare. 



H^JkY HiJ'^r HiJ'^) 

A A 

H{XKr —r H{X'j,Y HiX'j,) 
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Corollary 5.6. With the notation and hypotheses of Theorem 1.2, when X has rational singularities 
there is a canonical isomorphism of short exact sequences of finite free R-modules 

(5.9) ^ Lie(cjj) ^ Lie((f ( J)) ^ Lie( J) ^ 

t j - 
H''{X,oJx/s) H\X/R) ^ H\X, ^x) 

that recovers the identification (5.3) after extending scalars to K. 

Remark 5.7. Let g : Xk X'j^ be any finite map of smooth and geometrically connected curves 
over K and suppose that Xk and X'j^ admit proper flat and normal models over R which have 
rational singularities and generically smooth closed fibers, (such models are automatically admissible 
due to Raynaud's "critere de platitude cohomologique" [40, Theoreme 7.2.1]). By our discussion 
above, g induces maps g* and on the canonical integral structure (5.8) via puUback and trace, and 
induces maps Alh{g)* and Pic^{g)* on the canonical integral structure (5.1) by Albanese and Picard 
functoriality via the Neron mapping property. The i?-isomorphism (5.9) necessarily intertwines Alh(g)* 
with g* and Pic''(g')* with g^, as such agreement of maps between free -R-modules may be checked after 
the fiat scalar extension i? — > i^, where it follows from Proposition 5.4. 

Question 5.8. As an interesting consequence of Corollary 5.6, the duality statement of Proposition 
5.4, and the fact that the integral structure (5.8) is auto-dual with respect to cup-product pairing, 
we deduce that the autoduality of the Hodge filtration of H\^{Jk/K) preserves the integral structure 
(5.1). It seems natural to ask if this is true in greater generality, i.e. if for any abelian variety Ak 
over K, the natural duality isomorphism 

H\Ak, GxJ" H\^{AKlKr ii\^K. ^\^) 

\ \ s. 

^°(^/^, ^\kIk) ^Ik^^kIK) ^ H\A, Ga) 

(see Lemme 5.1.4 and Theoreme 5.1.6 of [ ]) identifies the corresponding canonical integral structures 
provided by (5.1). It is also natural to wonder how such an identification might come about at the 
level of canonical extensions and Neron models or more precisely if the definition of the duality for the 
de Rham cohomology of an abelian scheme (or more generally a 1-motive) in terms of its universal 
extension (see [1 I , p. 636] for the case of abelian schemes, [2] for 1-motives and [ , 10.2.7.2] for 
abelian varieties over C) can be extended to the case of Neron models and their canonical extensions. 

To prove Corollary 5.6, we proceed as follows. By Theorem 1.2, we have an isomorphism of short 
exact sequences of smooth groups as in (1.3). Applying the functor Lie and using the fact that for any 
group functor G over 5 with representable fibers, the inclusion ^ G oi the identity component 
induces an isomorphism on Lie algebras [2" , Proposition 1.1 (d)], we deduce a canonical isomorphism 
of free finite i?-modules 

^ Lie(a;j) Lie((f ( J)) ^ Lie( J) . 

V i I 
^ Lie(wx/5) ^ Lie(Pic5f,5) ^ Lie(Picx/s) ^ 
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By Definition 3.8 we have the canonical identifications 

Lie(Pic^°^) = Lie(Pic5^/5 xpic^/s Pi^x/s) = Lie(Pic5^/^) x^-.^^p-,^^^^) LieCPic^/^) = Lie(Pic5^/^), 

so it suffices to identify the left exact sequence of Lie algebras attached to the exact sequence of fppf 
abelian sheaves (c/. (3.16) ) 

(5.10) ^f*^x/s 

with the integral structure on H{Xk) provided by (5.8). As in §3, let ^Xt/t two-term com- 

plex d^log : ^Xj, ~^ ^Xt/t defined by drlog(M) = ■ dT{u), and write R-'^/^a;^^^ and R^f^ff^^ 
respectively, for the fppf sheaves associated to the group functors on ^-schemes 

T ^ 11\Xt, u:Y^/t) and T ^ H\Xt, ^^^). 

By Lemma 3.10, the exact sequence (5.10) is naturally isomorphic to the exact sequence of fppf abelian 
sheaves 

f*^x/s ^^f*^x/s ^ R^f*^x 

obtained by sheafifying (3.15). Thus, the proof of Corollary 5.6 is completed by: 
Lemma 5.9. There is a natural isomorphism of exact sequences of free R-modules 

(5.11) ^H\X,u:x/s) 

Y 

^ Lie(/*wx/5) 



H\X) 



hHx, 



^0 



Lie(RV*u;x/s) Lie(i?i/*^^) 



Proof. By construction, the exact sequence (5.8) results from the Hodge to de Rham spectral sequence 
attached to the evident filtration of ij^x/S' ^^"^ canonical section Z Z[e]/(e^) to the quotient 
map e I— > induces a canonically split exact sequence of filtered two-term (vertical) complexes 



hi-^l+eh 



X 



d 

■ ^X/S 



dlog 



Hog 



■ ^X/S 
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SO passing to cohomology yields the commutative diagram with exact rows and columns 
(5.12) 



H°(.Xsl,],UJXsu/Sle]) 



H'{X,LOx/s) 







H\X,ffx) 



H^{X,ff 



where the zeroes in the left column result from the splitting (i.e. is left exact on split short exact 
sequences). We conclude that we have an isomorphism of exact sequences of abelian groups as in 
(5.11). It remains to show that this is in fact an i?-linear isomorphism. Recall that for any group 
functor G on S-schemes, the multiplication on Lie(G) by ffs{S) is induced by the functoriality of G 
from the map ffs{S) Ends{S[e]) sending s E ^s{S) to the self-map Us of S'[e] that is induced by 
e I— > s • e. Thus, the fact that the map (5.11) defined by (5.12) is a map of -R-modules amounts to the 
assertion that for any s E ^s{S) the following diagram of filtered complexes with exact rows 



(5.13) 







X/S 



■ UJ 



■ UJ 



X/S 



id 







X/S 



commutes. This assertion is easily checked. 



• UJ 



XsM/S[e] 



■ UJ 



X/S 
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